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Abstract

In the present paper, the closed form analytical expressions due to an inclined
line-load in an irregular elastic medium with cubic symmetry have been
obtained. The irregularities are considered in the shape of rectangular and
parabolic. Numerically, the effect of irregularities have been studied by
variation of displacements with the horizontal distance by considering different
sizes of irregularities (e) of parabolic and rectangular. At different values of
'e' the comparisons are made at different values of angle of inclinations.

1. INTRODUCTION

Elastic problems with irregular boundaries have
gained much importance in geophysicists due to
their closeness to their natural environmental
conditions. It leads to a better understanding and
better predictions for the seismic behaviour at
continental margins and mountain roots. It is
therefore interesting to study the static deformation
in media with irregular boundaries. A number of
researchers have studied the problem of irregular
boundaries, such as Chattopadhyay et al. [1],
Chattopadhyay and Pal [2],Madan et al. [3], De
Noyer [4], Sato [5], Mal [6], Kar et al. [7] and
others.

The behaviour of elastic materials due to line-
loading is of great interest in engineering, soil
mechanics and geophysics. When the source
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surface is very long in one direction in comparison
to the others, the use of two-dimensional
approximation is justified and consequently
calculations are simplified to a great extent and
one gets a closed-form analytical solution. A very
long strip-source and a very long line-source are
examples of such two-dimensional sources. The
deformation due to loading such as inclined line-
load, stripe-load, continuous line-load, etc., is
useful in analysing the field around mining tremors
and drilling into the crust of the earth. It can also
contribute to the theoretical consideration of the
seismic and volcanic sources since it can account
for the deformation fields in the entire volume
surrounding the source region. [8] Selim [9] studied
the effect of irregularity on static deformation of an
isotropic elastic half-space. Madan et al [10] studied
the static response of transversely isotropic elastic
medium with irregular boundaries present in the
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medium Madan and Gaba [11] have studied the
effect of different type of irregularities on the
variation of displacements and stresses in an
orthotropic elastic media due to normal line-
loading by using eigen value approach with
distinct eigen values.

In the present problem, we have considered an
irregular model of elastic medium possessing
cubic symmetry in which the irregularity has been
taken in the form of a rectangular and parabolic,
i.e. free from initial stress. The closed form
expressions for the displacement at any point due
to line loadinghave been obtained by using the same
approach with equal eigen values. Numerically, the
graphs have been depicted to show the variation
of displacements with the horizontal distance at
different sizes of irregularity and also comparison
has been madegraphically between the variation
of displacements due to rectangular and parabolic
irregularities. At different values of the angle of
inclinations the effect of line loading is studied.
The corresponding results for isotropic elastic
medium can be obtained as a particular case from
the obtained results.

2. BASIC EQUATIONS

From the Generalized Hooke’s Law, the stress
strain relation in matrix form for an elastic medium
with cubic symmetry is (Love [12]):

11ߪ = ܿ11 1݁1 + ܿ12݁22 + ܿ12݁33  
22ߪ = ܿ12 1݁1 + ܿ11݁22 + ܿ12݁33  

33ߪ = ܿ12 1݁1 + ܿ12݁22 + ܿ11݁33  (1)

23ߪ = 2ܿ44݁23  
13ߪ = 2ܿ44݁13  
12ߪ = 2ܿ44݁12  

where the suffix quantity cij , ij  and eij  denotes
the elastic constants, stress components and strain
components respectively of the isotropic elastic
medium with cubic symmetry.

In the absence of body forces, the equilibrium
equations in the Cartesian co-ordinate system
(x,y,z) are:

11ߪ߲

ݔ߲
+
12ߪ߲

ݕ߲
+
13ߪ߲

ݖ߲
= 0 

21ߪ߲

ݔ߲
+
22ߪ߲

ݕ߲
+
23ߪ߲

ݖ߲
= 0 (2)

31ߪ߲

ݔ߲
+
32ߪ߲

ݕ߲
+
33ߪ߲

ݖ߲
= 0 

The strain displacement relation are given by:

݆݁݅ =
1
2ቆ

݅ݑ߲
ݔ݆߲

+
݆ݑ߲
݅ݔ߲

ቇ  ,     1 ≤ ݅, ݆ ≤ 3 (3)

where (u1, u2, u3) = (u, v, w) and (x1, x2, x3) = (x, y, z)
,ݑ)=(3ݑ,2ݑ,1ݑ) 1ݔ) and (ݓ,ݒ ,2ݔ, ,ݕ,ݔ)=(3ݔ  .(ݖ

Now using equations (1) - (3) we have obtained
the equilibrium equations in terms of displacement
components as:

ܿ11
ݑ2߲
2ݔ߲ + ܿ44 ቆ

ݑ2߲
2ݕ߲ +

ݑ2߲
+2ቇݖ߲ ൬

ܿ11 + ܿ12

2
൰
ݒ2߲
ݕ߲ݔ߲

+ (ܿ12 + ܿ44)
ݓ2߲
ݖ߲ݔ߲

= 0

ܿ44 ቆ
ݒ2߲
2ݔ߲ +

ݒ2߲
+2ቇݖ߲ ܿ11

ݒ2߲
2ݕ߲ + ൬

ܿ11 + ܿ12

2
൰
ݑ2߲
ݕ߲ݔ߲

+ (ܿ12 + ܿ44 )
ݓ2߲
ݖ߲ݕ߲

= 0

ܿ44 ቆ
ݓ2߲
2ݔ߲ +

ݓ2߲
2ݕ߲ ቇ+ ܿ11

ݓ2߲
2ݖ߲ + (ܿ12 + ܿ44)

ݑ2߲
ݖ߲ݔ߲

+ (ܿ12 + ܿ44)
ݒ2߲
ݖ߲ݕ߲

= 0
⎭
⎪⎪
⎬

⎪⎪
⎫

 

 (4)

3. FORMULATION OF THE PROBLEM

Let us consider an unbounded elastic half space
with cubic symmetry with x-axis vertically
downwards, where the origin of Cartesian
coordinates is situated at x = 0. Assume that an
inclined line load F0 per unit length is acting
downwards on a line parallel to the z-axis and
passing through the point (h, 0) and the considered
irregularity is of the form of  rectangular and
parabolic with length 2a and depth h (fig. 1).
Let the equation of irregularity be
1. For Rectangular Irregularity

x = f (y) (5)
where

∈ f(y) = ൜
ℎ   ݂ݕ| ݎ| ≤ ܽ
|ݕ| ݎ݂   0 > ܽ (6)
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Where is a small parameter

2. For Parabolic Irregularity

      
∈ f(y) = ቐℎ ቆ1 −

2ݕ

ܽ2ቇ |ݕ| ݎ݂   ≤ ܽ

|ݕ| ݎ݂                  0 > ܽ
 

(7)

Suppose that the displacement components under
the condition of plain strain deformation, parallel
to xy-plane be independent of z and are given by:

ݑ = ,(ݕ,ݔ)ݑ ݒ = ݓ,(ݕ,ݔ)ݒ  = 0 (8)
For plane strain problem, the non-zero stresses are:

11ߪ = ܿ11
ݑ߲
ݔ߲

+ ܿ12
ݒ߲
ݕ߲

22ߪ = ܿ12
ݑ߲
ݔ߲

+ ܿ11
ݒ߲
ݕ߲

12ߪ = ܿ44 ൬
ݑ߲
ݕ߲

+
ݒ߲
ݔ߲
൰
⎭
⎪⎪
⎬

⎪⎪
⎫

 

(9)

The equilibrium equations are correspondingly
reduce to the form:

Fig.1:

Fig.2:

ܿ11
ݑ2߲
2ݔ߲ + ܿ44

ݑ2߲
2ݕ߲ + ቀܿ11+ܿ12

2
ቁ ݒ2߲
ݕ߲ݔ߲

= 0

ܿ44
ݒ2߲
2ݔ߲ + ܿ11

ݒ2߲
2ݕ߲ + ቀܿ11 +ܿ12

2
ቁ ݑ2߲
ݕ߲ݔ߲

= 0
ቑ 

      (10)

After applying Fourier Transformation on eq.(10),
we obtain the following expressions:

ܿ11
തݑ2݀
2ݔ݀ + തݑ(2ݔ−)44ܿ − ݅ ൬

ܿ11 + ܿ12

2
൰
ݒ̅݀
ݔ݀

= 0

݅− ൬
ܿ11 + ܿ12

2
൰
തݑ݀
ݔ݀

+ ܿ44
ݒ2̅݀
2ݔ݀ − ݒ2̅11ܿ = 0 ⎭

⎬

⎫
 
 (11)

where bar stands for Fourier Transform with
transformed fourier parameter p.

Now eq.(11) can be written in the vector matrix
differential equation form :

1ܧ
݀2ܷ
2ݔ݀ − 2ܧߟ݅

ܷ݀
ݔ݀
− 3ܷܧ2 = 0  (12)

Where

1ܧ = ൬
ܿ11 0
0 ܿ44

൰ 2ܧ        , = ൮
0

ܿ11 + ܿ12

2
ܿ11 + ܿ12

2
0

൲ ,

3ܧ   = ൬ܿ44 0
0 ܿ11

൰     ,ܷ = ቀݑത̅ݒቁ            (13)

Let the solutions of the matrix equations (12) be
of the form
U (x,p) = A(p)emx             (14)
Where m is the parameter and E(p) is a matrix of
the type 2 x 1
Substituting the values of U from eqs.(13) in eqs.
(12), we get the following characteristic equation

݉4 − 2݉22 + 4 = 0 (15)

Eq. (12) has repeated eigen values (m). The
equilibrium equations are equivalent to the first
order vector differential equation. Using the
process given by Ross [13], to tackle the repeated
eigen values, we obtain the following differential
equation:

݀ 1ܷ

ݔ݀
= 1ܲ 1ܷ (16)
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Where

1ܷ =

⎣
⎢
⎢
⎢
⎢
⎡
തݑ
ݒ̅
തݑ݀
ݔ݀
ݒ̅݀
⎦ݔ݀
⎥
⎥
⎥
⎥
⎤

,    1ܲ =

⎣
⎢
⎢
⎢
⎢
⎡

0 0 1 0
0 0 0 1

ܿ44

ܿ11
2 0 0

ܿ11 + ܿ12

2ܿ11
݅

0
ܿ11

ܿ44
2 ܿ11 + ܿ12

2ܿ44
݅ 0

⎦
⎥
⎥
⎥
⎥
⎤

,   

2ܲ =

⎣
⎢
⎢
⎢
⎡

0 0 1 0
0 0 0 1
2

1ܶ
0 0 2ܶ

2 ݅

0 21ܶ
4ܶ݅ 0 ⎦

⎥
⎥
⎥
⎤

 

1ܣ = ൦

||݅
݇
2݅

||

൪ 2ܣ, =

⎣
⎢
⎢
⎢
⎢
⎡
−||ݔ}݅ 2ܶ}

 ൬ݔ −
1

൰||

||ݔ}||݅ − 3ܶ}
||ݔ ⎦

⎥
⎥
⎥
⎥
⎤

 

3ܣ =

⎣
⎢
⎢
⎡
||݅−

2݅

⎦||−
⎥
⎥
⎤

4ܣ, =

⎣
⎢
⎢
⎢
⎢
⎡
||ݔ}݅− + 2ܶ}

 ൬ݔ +
1

൰||

||ݔ}||݅ + 3ܶ}
||ݔ− ⎦

⎥
⎥
⎥
⎥
⎤

 
(17)

Thus, the general solution of equation (15) for elastic medium with cubic symmetry is

1ܷ = 1ܧܤ) + ݁(2ܧܥ | ݔ| + 3ܧܦ) + ݔ||−݁(4ܧܩ  (18)

where the values of the constants B, C, D and G will be derived using the boundary conditions for line-
load. After solving the eq. (15) and using eq (18), we obtain the following displacement and stresses in
the transformed domain:

(ݕ,ݔ)തݑ = ||ܤ}ൣ݅ + ||ݔ)ܥ − ݔ||݁{(2ܶ − ||ܦ} + ||ݔ)ܩ + |−݁{(2ܶ ݔ| ൧

(ݕ,ݔ)ݒ̅ =  ቂቄܤ + ܥ ቀݔ − 1
| |ቁቅ ݁

ݔ|| + ቄܦ + ܩ ቀݔ + 1
ቁቅ|| ݁

ቃݔ||−

ത11ߪ = ݅[{൫2ܿ442ܤ + 2ݔ൫2ܿ44ܥ + 12ܿ)|| − 3ܶܿ11)൯ൟ݁|ݔ| +                            
൛2ܿ442ܦ + 2ݔ൫2ܿ44ܩ − 12ܿ)|| − 3ܶܿ11)൯ൟ݁−|ݔ|]    

ത12ߪ = ||ܤ2}]44ܿ + ݔ||2)ܥ − ||ݔ݁{(2ܶ − ||ܦ2} + ݔ||2)ܩ + |ݔ−݁{(2ܶ |]⎭
⎪⎪
⎬

⎪⎪
⎫

 
(19)

where  1ܶ = 11ܥ
44ܥ

, 2ܶ = 11ܥ4
11ܥ 12ܥ+

 , 3ܶ = 2 ቀ11ܥ 44ܥ+
11ܥ 12ܥ+

ቁ, 4ܶ = 11ܥ 12ܥ+
44ܥ2
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After applying Inverse Fourier Transformation in eq. (19), we obtain the following expressions for
displacement and stresses:

(ݕ,ݔ)ݑ =
1

ߨ2
න ||ܤ}ൣ݅ + ||ݔ)ܥ − ݔ||݁{(2ܶ − ||ܦ} + ||ݔ)ܩ + |݁{(1ܶ ݔ| ൧݁−݅ݕ ݀
∞

−∞
 

(ݕ,ݔ)ݒ =
1

ߨ2
න  ൜ܤ + ܥ ൬ݔ −

1
൰ൠ|| ݁

ݔ|| + ൜ܦ + ܩ ൬ݔ +
1

൰ൠ|| ݁
൨ݔ||− ݕ݅−݁  ݀

∞

−∞
 

(ݕ,ݔ)12ߪ =
1

ߨ2
න ܤ)2ܿ44}ൣ݅ + 2(ݔܥ + 2ܿ12)|| − ݔ||݁{5ܶܿ11
∞

−∞
+ {2ܿ44 ܦ) + 2(ݔܩ − 12ܿ)|| − ݕ݅−݁ݔ||−݁{5ܶܿ11 ]݀݇ 

   
(ݕ,ݔ)11ߪ =

1
ߨ2

44ܥ න ||ܤ൛ൣ + ݔ||൫2ܥ − |݁{(2ܶ ݔ| − ||ܦ2} + ݔ||2)ܥ +   2ܶ൯ൟ݁−|ݔ|൧݁−݅ݕ ݀݇
∞

−∞
 

(20)

4. SOLUTION OF THE PROBLEM

In order to find the displacement and stresses at any point of an irregular isotropic medium with
cubic symmetry due to an inclined line-load F0 per unit length, acting on the z-axis, let us consider the
irregular media consisting of region x <  f (y) (Medium I ) and x >  f (y) (Medium II)  having
identical elastic properties.

The displacement and stresses for Medium I are:

(ݕ,ݔ)ܫݑ =
1

ߨ2
න ||ܤ}ൣ݅ + −||ݔ)ܥ 2ܶ

|݁{(ܫ ݔ| ൧݁−݅ݕ ݀
∞

−∞
 

(ݕ,ݔ)ܫݒ =
1

ߨ2
න  ൜ܤ + ܥ ൬ݔ −

1
൰ൠ|| ݁

൨ݔ|| ݕ݅−݁   ݀
∞

−∞

12ߪ
ܫ (ݕ,ݔ) =

1
ߨ2

න ܤ)2ܿ44}ൣ݅ + 2(ݔܥ + 12ܿ)|| − 5ܶ
ݕ݅−൧݁ݔ||݁{11ܿܫ ݀

∞

−∞
 

12ߪ
ܫ (ݕ,ݔ) =

1
ߨ2

44ܥ න ||ܤ൛ൣ + ݔ||൫2ܥ − 2ܶ
ݕ݅−൯ൟ൧݁ݔ||݁{(ܫ ݀

∞

−∞
 (21)

The displacement and stresses for Medium II are:

(ݕ,ݔ)ܫܫݑ =
1

ߨ2
න ||ܦ}−ൣ݅ + ||ݔ)ܩ + 2ܶ

|−݁{(ܫܫ ݔ| ൧݁−݅ݕ ݀
∞

−∞
 

(ݕ,ݔ)ܫܫݒ =
1

ߨ2
න  ൜ܦ + ܩ ൬ݔ +

1
൰ൠ|| ݁

|− ൨ݔ| ݕ݅−݁     ݀
∞

−∞



6
S-JPSET : Vol. 10, Issue 1, ISSN : 2229-7111 (Print) and ISSN : 2454-5767 (Online) copyright samriddhi, 2010-2018

Effect of Line Loading on An Irregular Elastic Medium Possessing Cubic Symmetry

11ߪ
ܫܫ (ݕ,ݔ) =

1
ߨ2

න ܦ)2ܿ44}ൣ݅ + 2(ݔܩ + 2ܿ12)||ܩ − 5ܶ
ݕ݅−൧݁ݔ||−݁{11ܿܫܫ ݀

∞

−∞
 

12ߪ
ܫܫ (ݕ,ݔ) = 1

ߨ2
44ܥ ∫ ||ܦ൛−ൣ + ݔ||൫2ܩ − 2ܶ

ݕ݅−൯ൟ൧݁ݔ||−݁{(ܫܫ ∞݀
−∞ ( (22)

Where 5ܶ =
3ܿ11 − ܿ12

2ܿ44
 

4.1 Normal Line-Load

Consider a normal-line load F1  per unit length, is acting vertically downwards on the interface
irregularity x = h along z-axis (Fig. 1). Then, the boundary conditions at x = h are

(ݕ,ℎ)ܫݑ = 11ݑ (ℎ,ݕ) 

(ݕ,ℎ)ܫݒ = (23) (ݕ,ℎ)11ݒ

12ߪ
ܫ (ℎ,ݕ) = 12ߪ

ܫܫ (ℎ,ݕ) 

11ߪ
ܫ (ℎ,ݕ) − 11ߪ

ܫܫ (ℎ,ݕ) =  1δ(y)ܨ−

Where h = f (y) and (y) is the Dirac-delta satisfying the expression: (24)

න δ(y)
∞

−∞
ݕ݀(ݕ)݂ = 1, δ(y) =

1
ߨ2

න ݕ݅−݁ ݀ = 1
∞

−∞
 

Using the method of Erigen and Suhani [14], the arbitrary constants B,C,D and G will be calculated by
expanding above equations in terms of  and retaining only the linear terms, we may express the
constants as:

B = 0ܤ+∈ ∋+0ܥ=C ,1ܤ ∋+0ܦ = D , 1ܥ 1ܦ , and G = 0ܩ+∈ (25) 1ܩ

And since |f (y)| << 1, then

(ݕ)݂∋|| ± ݁ ≈ 1 ± |݇| ∈ (26) .(ݕ)݂

Using equation (24) in equations (22) and (23) we obtain the following values of constants B, C, D
and G i.e.,

B=1ܨ
݇2 1ܳ+∈ (ݕ)݂ 3ܭ1ܨ

2|݇|
 

C=−1ܨ
|݇|
∋+2ߜ   2ܭ1ܨ(ݕ)݂

D=1ܨ
݇2 ܳ2+∈ (ݕ)݂ 4ܭ1ܨ

2|݇|
  

G=−1ܨ
|݇|

∋+1ߜ   1ܭ1ܨ(ݕ)݂

Where 5ܶ = 3ܿ11−ܿ12
2ܿ44

 and 

(27)
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1ߜ = 2ܶ
ܫ

2ܶ
ܫܫ

1ܶ
ܫ − 2ܶ

ܫܫ − 2ܶ
ܫ

6ܶ
ܫܫ − 2ܶ

ܫ , 2ߜ =
1ߜ 2ܶ

ܫܫ

2ܶ
ܫ ,

ܳ1 =
2ߜ 2ܶ

ܫܫ − 1ߜ  2ܶ
ܫ − 1ߜ − 1ߜ

2
,ܳ2 =

2ߜ 2ܶ
ܫܫ − 1ߜ  2ܶ

ܫ + 1ߜ + 1ߜ

2
 

3ߜ = ܳ2 + 2ߜ−1ߜ 2ܶ
ܫ − 1ߜ  2ܶ

ܫܫ , 4ߜ = ܳ2 − 1ܳ ,ܳ3 = −2൫1ߜ ܿ12 − 5ܶ
11൯ܿܫ − 1൫1ߜ + ܿ12 + 5ܶ

 11൯ܿܫܫ

ܳ4 = 2ߜ−2ߜ2 2ܶ
ܫ + 1ߜ−1ߜ2 2ܶ

ܫܫ 1ܭ, = 2ܿ44 2ܶ
4−2ܿ44ܳ2ߜܫ 2ܶ

1−2ܿ44)(3ܳ−3ߜ)2+ܫ )

2ܶ
−ܫܫ 2ܶ

2ܿ44−ܫ 2ܶ
2ܿ44−ܫܫ 2ܶ

ܫ 2ܭ , = 2ܶ
(4ܳ−3ߜ)2−2ܭܫܫ

2ܶ
ܫ  

3ܭ = 3ߜ − 2ܶ
2ܭܫ − 2ܶ

1ߜܫܫ − 4ߜ 2ܭ− − 4ܭ ,1ܭ = 3ߜ − 2ܶ
2ܭܫ − 2ܶ

1ߜܫܫ + 4ߜ + 2ܭ +  1ܭ

By using the values of the coefficients B, C,D and G from equations (27) in to the equations (21) we
obtain the following closed form expressions with rectangular irregularity:

,x)ܰݑ y) = 1ܨ݅
ߨ2
ቂቄ(2ߜ 2ܶ

ܫ − 2ݔ)݈݃(1ܳ + (2ݕ + 2ݔ2ߜ

+2ቅݕ+2ݔ ߛ ቄ((2ܭ 2ܶ
ܫ ((3ܭ− 2ݔ2

2ݕ+2ݔ 2൯ݕ−2ݔ2൫ݔ2ܭ2 +
2(2ݕ+2ݔ) ቅቃ( (28)

,x)ܰݒ y) =  −
1ܨ

ߨ2
ቈቊ(22ߜ + 2ݔ)݈݃(1ܳ + (2ݕ +

ݕݔ2ߜ2݅
2ݔ + 2ቋݕ + ߛ ቊ(3ܭ − (2ܭ

ݕݔ2݅
2ݔ + 2ݕ +

ݕ3ݔ2ܭ4݅
2ݔ) +  2ቋ(2ݕ

Due to normal line-load, following are the suitable expression for the displacements with parabolic
irregularity:

,x)ܰݑ y) =
1ܨ݅

ߨ2
ቊ(2ߜ 2ܶ

ܫ − 2ݔ)݈݃(1ܳ + (2ݕ +
2ݔ2ߜ

2ݔ + 2ቋݕ

+ ߛ ൝ቆ1−
2ݕ

ܽ2ቇ൭((2ܭ 2ܶ
ܫ − (3ܭ

2ݔ2

2ݔ + 2ݕ +  
2ݔ)2ݔ2ܭ2 − (2ݕ

2ݔ) + 2(2ݕ ൱ൡ൩     (30)

,x)ܰݒ y) =  −
1ܨ

ߨ2
ቊ(22ߜ + 2ݔ)݈݃(1ܳ + (2ݕ +

ݕݔ2ߜ2݅
2ݔ + 2ቋݕ + ߛ ൝ቆ1−

2ݕ

ܽ2ቇ൭(3ܭ − (2ܭ
ݕݔ2݅

2ݔ + 2ݕ +
ݕ3ݔ2ܭ4݅

2ݔ) + 2൱ൡ൩ (31)(2ݕ

4.2  Tangential Line-Load

Suppose that a line force 2F , per unit length is acting at orign in positively y-direction then the
boundary conditions at the horizontal plane x = h are

(ݕ,ℎ)ܫݑ = 11ݑ (ℎ,ݕ) 

(ݕ,ℎ)ܫݒ =    (ݕ,ℎ)11ݒ
12ߪ
ܫ (ℎ,ݕ) − 12ߪ

ܫܫ (ℎ,ݕ) = − 2ܨδ(y) (32)

11ߪ
ܫ (ℎ,ݕ) = 11ߪ

ܫܫ (ℎ,ݕ) 

     Using equation (24)-(27) and equation (32) in equation (21) we obtain the following values of
constants B,C, D and G
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ܤ =
2ܨ 1ܲ

|݇|
+∈ 2ܨ(ݕ)݂ 5ܲ 

ܥ = ∋+2Ω3ܨ 2ܨ|݇|(ݕ)݂ 4ܲ 

ܦ =
2ܨ 2ܲ

|݇|
+∈ 2ܨ(ݕ)݂ 4ܲ (33)

ܩ = ∋+2Ω2ܨ 2ܨ|݇|(ݕ)݂ 3ܲ 

By using the values of the coefficients B, C,D and G from equations (33)in to the equations (21) we
obtain the following closed form expressions for displacements with rectangular irregularity :

ݑ 
ܶ(x, y) =

2ܨ݅

ߨ2
ቈቊ−2(Ω3 2ܶ

ܫ + 1ܲ)
ݔ2

2ݔ + 2ݕ +
2ݔ)Ω3ݔ2 − 2ݕ )

2ݔ) + 2(2ݕ ቋ + ߛ ቊ(( 5ܲ − 4ܲ 2ܶ
ܫ + 2ݔ

4ܲ))
2ݔ)ݔ2 − (2ݕ
2ݔ) + 2(2ݕ + ቋ   (34)

,x)ܶݒ y) =
2ܨ

ߨ2
ቈ൜Ω3݈2ݔ)݃ + (2ݕ −

2
2ݔ + 2ݕ ݕ݅) 1ܲ + 2Ω3)ൠݔ

+ ߛ ቊ
2ݔ2

2ݔ) + 2(2ݕ ൫(2ݔ − (2ݕ 4ܲ − ݕ2݅ 5ܲ൯ +
2ݔ2

2ݔ + 2ݕ 4ܲቋ        (35)

Where

Ω1 = 6ܶ
1+ܫܫ

6ܶ
1+ܫ

,Ω2 = 1

2ܶ
−Ω1ܫ 2ܶ

ܫܫ ,Ω3 = Ω1
Ω2

, 1ܲ = Ω3 2ܶ
Ω2+ܫ 2ܶ

Ω3−Ω2+ܫܫ
2

, 2ܲ = Ω3 2ܶ
Ω2+ܫ 2ܶ

Ω3+Ω2−ܫܫ
2

, 

Ω4 = Ω3 2ܶ
ܫ + Ω2 2ܶ

ܫܫ − Ω3 + 2ܲ ,Ω5 = 2ܲ − 1ܲ,Ω6 = 2൫ܿ12ߜ − 5ܶ
11ܿܫ − 1൯ − 1൫ܿ12ߜ − 5ܶ

11ܿܫܫ − 1൯ 

Ω7 = Ω3( 2ܶ
ܫ − 2) −Ω2( 2ܶ

ܫܫ − 2), 3ܲ = ቀ(Ω5−Ω6)2ܿ44
1+2ܿ44

+ (Ω4−Ω7)2

2ܶ
ܫ ቁ ቀ 2ܶ

ܫ

2ܶ
−ܫܫ 2ܶ

 ቁܫ

4ܲ = 2(Ω4−Ω7)−Ω7 2ܶ
ܫܫ

2ܶ
ܫ

2ܶ
ܫ  , 5ܲ = Ω4− 3ܲ 2ܶ

+ܫ 4ܲ 2ܶ
−Ω5−ܫ 3ܲ− 4ܲ

2
, 6ܲ = Ω4− 3ܲ 2ܶ

+ܫ 4ܲ 2ܶ
+Ω5+ܫ 3ܲ+ 4ܲ

2
 

Due to tangential line-load, following are the suitable expression for the displacements with parabolic
irregularity:

,x)ܶݑ y) = 2ܨ݅
ߨ2
ቈቄ−2(Ω3 2ܶ

ܫ + 1ܲ) ݔ2
2ݕ+2ݔ + 2൯ݕ−2ݔΩ3൫ݔ2

2(2ݕ+2ݔ) ቅ + ߛ ቊቀ1− 2ݕ

ܽ2ቁ ቆ( 5ܲ − 4ܲ 2ܶ
ܫ + 2ݔ

4ܲ) 2൯ݕ−2ݔ൫ݔ2
2(2ݕ+2ݔ) + ቇቋ(      (36)

,x)ܶݒ y) =
2ܨ

ߨ2
ቈ൜Ω3݈2ݔ)݃ + (2ݕ −

2
2ݔ + 2ݕ ݕ݅) 1ܲ + 2Ω3)ൠݔ

+ ߛ ቊቆ1−
2ݕ

ܽ2ቇ ቆ
2ݔ2

2ݔ) + 2(2ݕ ൫(2ݔ − (2ݕ 4ܲ − ݕ2݅ 5ܲ൯ +
2ݔ2

2ݔ + 2ݕ 4ܲቇቋ          (37)

4.3  Inclined line-load
For an inclined line-load , per unit length, we have (Saada 1974 [15])

1ܨ = 0ܨ cos ߜ 2ܨ ݀݊ܽ  = 0ܨ sin ߜ
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The normal and tangential displacements
subjected to inclined line-load are obtained as the
final deformation of the formulated problem i.e.

,x)ܰܫݑ y) = ,x)ܰݑ y) + ,x)ܶݑ y) (38)

,x)ܰܫݒ y) = ,x)ܰݒ y) + ,x)ܶݒ y) (39)

Where F1 is for deformation due to normal line-
load and F2 is for deformation due to tangential
line-load for both rectangular and parabolic
irregularities.

5. NUMERICAL RESULTS

In this section we tend to examine the effect of
irregularity present in anisotropic elastic half-space
with cubic symmetry and inclination . For
numerical computation, we have used the values
of elastic constants given by Leibfried [16],  For
Medium I (Gamet).

  ܿ11 = 2.966, ܿ12 = 1.085, ܿ13 = 0.916 

and
For Medium II (Mgo)

   ܿ11 = 2.97, ܿ12 = 0.95, ܿ13 = 1.56 

In figures 3-6, the variation of normal
displacements due to rectangular and parabolic
irregularities (e = 0, 0.28, 0.56) present in the
medium with inclination at  at x = 1 against
the horizontal distance y has been depicted.
Figure 3 shows that as the size of the irregularities
increases displacements initially increases and
beyond the horizontal distance y = 1 it decreases.
In figure 4, beyond y = 1, the displacement increases
as the size of irregularities increases as well the
distance in magnitude between the displacement
also increases. In figure 5, as the horizontal
distance increases the distance in magnitude
between the displacement decreases. From figure
6 we found that in case of parabolic irregularity
there is a sudden increment in the displacements
as the size of irregularities increases.

Figures 7-8 shows the comparison between the
rectangular and parabolic irregularities (e = 0.25)

for normal and tangential displacements at x = 1
against the horizontal distance y. These graphs
shows that in case of normal displacement, as the
horizontal distance y increases the distance
between the displacements due to irregularities
increases whereas in case of tangential displacement
the distance between the displacements initially
increases and then decreases.

Further in figures 9-12, graph has been plotted
depicting the variation of normal and tangential
displacements with rectangular and parabolic
irregularities (e = 0.28) at different inclined line-
load () at x = 1 which shows that
as the value of increases there is prominent effect
of irregularities in the displacements. As the size
of the  increases the displacement decreases but
in case of tangential displacement (from figure 11
and 12) it is shown that after a particular horizontal
distance the displacements starts increasing.

Fig. 3 : Variation of normal displacement (u) against the
horizontal distance (y) for rectangular irregularities

(e = 0, 0.28, 0.56) on the plane x = 1.0.

Fig.4: Variation of normal displacement (u) against the
horizontal distance (y) for parabolic irregularities

(e = 0, 0.28, 0.56) on the plane x = 1.0.
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Fig.5: Variation of tangential displacement (u) against the
horizontal distance (y) for rectangular irregularities

(e = 0, 0.28, 0.56) on the plane x = 1.0.

Fig.6: Variation of tangential displacement (u) against the
horizontal distance (y) for parabolic irregularities

(e = 0, 0.28, 0.56) on the plane x = 1.0.

Fig.7: Comparison of normal displacement due to
rectangular and parabolic irregularity (e = 0.25) at

x = 1 and = 450.

Fig.8: Comparison of tangential displacement due to
rectangular and parabolic irregularity (e = 0.25) at

x = 1 and = 45°

Fig.9: Variation of normal displacements with rectangular
irregularity (e = 0.25) due to inclined line-load

(= 30°,45°,60°) at x = 1

Fig.10: Variation of normal displacements with Parabolic
irregularity (e = 0.25) due to inclined line-load

(= 30°,45°, 60°) at x = 1.

Fig.11: Variation of normal displacements with
rectangular irregularity (e = 0.25) due to inclined

line-load (= 30°,45°,60°) at x = 1

Fig.12: Variation of normal displacements with Parabolic
irregularity (e = 0.25) due to inclined line-load

(= 30°,45°,60°) at x = 1
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6. CONCLUSION

For understanding the effect of irregularities
present in the medium, we have obtained the
deformation at any point of irregular elastic
medium possessing cubic symmetry caused by
normal, tangential and inclined line-loading. The
irregularities has been considered in the form of
rectangular and parabolic.  For governing
equations, the method of eigen value approach
with equal eigen values has been used to obtain
the analytical solution in an explicit closed form.
Numerically results have been obtained by using
the values given by [15] and graphs are plotted in
Matlab to gain more perspective view of the
problem. There is a prominent effect of inclination
on line-loading in the displacements in an irregular
elastic medium.it is pointed out that with minor
substitution the present results can be used to
analyse the effect of irregularity and line-loading
in isotropic elastic medium.

  Appendix A.   (x>0)  
x
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